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A numerical solution of the problem of nonstationary heating of a two-dimensional nanoparticle by laser ra-
diation in the approximation of a constant temperature over the nanoparticle volume is presented. The asymp-
totes to the heating temperature for long times and for maximum heating of a nanoparticle at long durations
of laser radiation have been obtained. It is shown that the temperatures of heating of silver and gold
nanoparticles subjected to laser radiation at a resonance wavelength of plasmons are appreciable and may
reach the boiling temperature of water.

Introduction. The free electron gas contained inside a metal nanoparticle can be involved in collective vibra-
tional motion when an electromagnetic wave is scattered on the particle. These vibrations of electron plasma are called
localized or surface plasmons, since they attenuate exponentially toward the inside of the body. For nanoparticles of
noble and alkali metals of size 10–300 nm in the visible part of the spectrum and near IR zone, resonantly enhanced
vibrations of plasma — plasmon resonances [1] — can be observed that lead to a multiple increase in the local elec-
tromagnetic field on the nanoparticle surface and to resonant enhancement of the extinction and absorption cross sec-
tions. A maximum field enhancement factor (FEF) for two-dimensional nanoparticles (nanocylinders) may attain a few
tens [2], whereas for three-dimensional nanoparticles the FEF can attain hundreds and even thousands [3, 4].

At the present time, excitation of plasmon resonances is considered to be the major reason for the effect of
enhancement of Raman scattering (RS) for the molecules that were adsorbed on microrough metal surfaces (gigantic
Raman scattering, GRS [5]) and for colloid solutions of metal nanoparticles [6, 7]. In the latter case, the enhancement
factor of GRS for a molecule placed between two metal particles may attain a value of 1014 and allows one to record
Raman radiation from an individual molecule. This and the fact that for certain nanostructures the field enhancement
can be localized in a region measuring less than 10 nm open up wide perspectives for using GRS in biophysics [8].

When a nanoparticle is subjected to laser radiation, a part of the electromagnetic energy is absorbed and the
particle and its environment are heated. It is evident that the resonant enlargement of the absorption cross section re-
sults in a situation that the temperature of heating of the nanoparticle increases many times as against nonresonant il-
lumination. To use GRS in biophysics, it is extremely important to know what temperatures are attainable in
nanoparticles, since strong heating can alter the properties and lead to destruction of organic molecules, as well as to
the disturbance of the course of biochemical reactions. Based on plasmon resonances, it is possible to create thermal
agents that ensure local heating in the given range of wavelengths and may find application in the solution of a great
number of scientific and engineering problems. An example of such particles appears to be dielectric nanoparticles in
a metal shell that are successfully used in photothermal therapy of cancer [9, 10].

In what follows we will consider laser-radiation heating of an individual two-dimensional metal nanoparticle
placed in a dielectric medium. In such a statement the problem is of no great practical interest, but it allows one to
develop the methods of numerical calculation. To solve the problem, we use the ordinary heat-conduction equation
(Fourier equation) for a continuous medium. The most interesting cases are those with water or air as the medium sur-
rounding a particle. On the one hand, these media are most abundant, on the other, they have strongly different physi-
cal parameters. Therefore the majority of thermophysical calculations considered below were performed precisely for
nanoparticles placed in water or air.
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We will consider the question of the validity of the equations of a continuous medium for nanoparticles. For
the medium surrounding the particle to be considered continuous, it is necessary that the mean free path l in the me-
dium be much smaller than the characteristic dimension of the nanoparticle (l << L). For air under normal conditions l
is equal to about 60 nm [11] and, consequently, in air the continuous medium approximation is applicable only to
nanoparticles of size L >> 60 nm. The space between the water molecules is of the same order of magnitude as the
size of the molecule, that is, of several angstroms. In this case too, for nanoparticles of size greater than 10 nm the
continuous medium approximation holds.

We note that the problems related to thermal processes in nanostructures were solved in [12–16]. Among
works closest to the topic considered are [12, 13], where the problem of heating a scanning tunnel microscope needle
is tackled. But the influence of the enhancement of the field at the needle tip on the heating of the needle is less sub-
stantial, since the needle is the macroobject and heat spreads rapidly over the large volume. In [14–16], the processes
of heat transfer and heat release by radiation are studied. As far as the authors know, at the present time there are no
investigations devoted to nonstationary heating of nanoparticles placed in a medium.

Two-Dimensional Problem of Nonstationary Heat Conduction. We will consider a two-dimensional particle
with the characteristic dimension L placed in an external medium and subjected to laser radiation. It is assumed that
the medium surrounding the particle is transparent, i.e., the relative permittivity of the medium εe is the real quantity

(Im[εe] = 0) and there is no heat release in the medium (Qe = 0). According to the classical electrodynamics, for volu-

metric heat generation inside the nanoparticle we may write Qp = −(∇ ′ ⋅S). Having averaged over the volume, for the

average density of heat generation inside the nanoparticle we obtain Q
__

p = σ′I ⁄ V ′, where σ′ = −�
Γ ′

 (S⋅n) ⁄ IdΓ ′.

It is known that in a two-dimensional case the problem of heat conduction has no stationary solution in an
infinite space. Therefore we will consider only laser radiation pulses limited in time with the characteristic time τ, and
as the time dependence we take the Gaussian function I = I0 exp (−(t′ ⁄ τ)2). The temperature distribution in the me-
dium is described by the heat conduction equation

C∂T ⁄ ∂t ′  = ∇′  (λ∇ ′  T) + Q . (1)

We will consider that the heat capacity C and thermal conductivity λ are homogeneous throughout the particle
volume and environment volume and are independent of temperature. All the thermophysical quantities used in the cal-
culations were taken from [17]. We introduce the dimensionless variables

t = t ′  ⁄ τ ,   x = x′ ⁄ L ,   y = y′ ⁄ L ,   θ = (T − T0) ⁄ (σT∗) ,   q = Q ⁄ Q
__

 . (2)

Then, if there is no heat generation in the environment, we may write

FopΔθp − 
∂θp

∂t
 = − 

qp exp (− t
2)

√⎯⎯π
 ,   FoeΔθe − 

∂θe

∂t
 = 0 . (3)

We will define the Fourier transformation as follows:

f
~
 (ω) = ∫ 

−∞

∞

f (t) exp (iωt) dt ,   f (t) = 
1

2π
 ∫ 
−∞

∞

f
~
 (ω) exp (− iωt) dω (4)

and apply it to system (3):

FopΔθ
~

p + iωθ
~

p = − qp exp ⎛⎝− (ω ⁄ 2)2⎞
⎠ ,   FoeΔθ

~
e + iωθ

~
e = 0 . (5)

Averaging of the first equation of system (5) over the cross-sectional area of the particle and using the continuity of
the heat flux through the boundary yield an equation for the average temperature of the particle in the Fourier repre-
sentation:
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θ~
__

p = − 
exp (− (ω ⁄ 2)2)
χFoe Ψ + iω

 ,   Ψ = 
1

V
 �
Γ

 
∂ψ
∂n

 dΓ ,   χ = 
Ce

Cp
 , (6)

where 
∂ψ
∂n

 is the derivative over the normal to the body surface of the function ψ = θ
~

e
 ⁄ θ

~
_

p, the equation for which

results from the division of the second equation of system, (5) by θ
~
_

p:

Δψ + ke
2ψ = 0 ,   ψ⎪∞ = 0 ,   ψ⎪Γ = Θ

~
 ,   Θ

~
 = θ

~
p⎪Γ

 ⁄ θ~
__

p . (7)

Equation (7) together with the boundary conditions is not closed, since the boundary conditions contain the
unknown function Θ

~
. But if this function is known, then by having solved Eq. (7) and taken the inverse Fourier trans-

form of Eq. (6), we may find the average temperature of the heating of the particle at any instant of time:

T
__

p = T∗σθ
__

p ,   θ
__

p = − 
1
π

 Re 
⎡
⎢
⎣

⎢
⎢
∫ 
0

∞
exp (− (ω ⁄ 2)2

 − iωt)
χFoe Ψ + iω

 dω
⎤
⎥
⎦

⎥
⎥
 . (8)

Approximation of the Temperature Homogeneous over the Particle Volume. We will consider laser radia-
tion pulses the duration of which considerably exceeds the characteristic time of the inner problem. In this case, the
temperature distribution inside the particle is independent of the distribution of heat sources, and the temperature is
virtually homogeneous over the particle volume. The extent of inhomogeneity is proportional to the ratio of thermal
conductivities λe

 ⁄ λp. The thermal conductivity of metals is a high value and for the majority of media surrounding the
particle we may consider that Θ = θp⏐Γ ⁄ θ

__
p � 1, i.e., the temperature is homogeneous over the nanoparticle volume

(the approximation of the homogeneous temperature of the particle — HTP). The condition τ >> τp can be written in
a form restricted to two dimensionless parameters of the problem:

χFoe >> λe
 ⁄ λp . (9)

Adopting this restriction and using the Green identity, Eq. (7) together with the boundary conditions can be trans-
formed into the boundary integral equation

 �
Γ

 
∂ψ
∂n

 GdΓ = �
Γ

 
∂G

∂n
 dΓ − 

1
2

 , (10)

where G(r, r0) = (i ⁄ 4)H0
(1)(ke⏐r − r0⏐) is the Green function of the Helmholz two-dimensional equation, r0 = (x0, y0)

and r = (x, y) are the points of observation and integration, respectively.
Equation (10) can be solved numerically with the aid of the method of boundary elements [2], and it allows

one to find the boundary values of the function ∂ψ ⁄ ∂n for particles of arbitrary shape. Thereafter, using (8), we can
calculate the average temperature of the nanoparticle at any instant of time.

We note that in the HTP approximation the material from which the particle consists is characterized only by
its volumetric heat capacity Cp. For different metals the value of volumetric heat capacity in units MJ ⁄ (m3⋅K) is equal
to 2.52 (Ag), 2.51 (Au), 6.47 (K), 1.19 (Na), 2.78 (Zn), 2.79 (Pt), 3.49 (Cu), and 3.92 (Ni). It is seen that the scatter
of the values is not large for the majority of metals (for gold and solver it is practically zero). Consequently, the re-
sults of calculations carried out for one of the metals (Ag) can be adopted with a certain accuracy also for other met-
als (Au, Zn, Pt, Cu, and Ni). In what follows, the majority of calculations of the heat conduction problem will be
performed for silver particles placed in water and air.

Heating of Cylindrical Particles. For cylindrical particles the problem admits an analytical solution. We will
consider two limiting cases: uniform heat release over the particle volume and heat release only on the particle bound-
ary. As before, the average temperature is determined by Eq. (6), and in the case of uniform heat release the functions
Θ
~

 and Ψ are
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Θ
~

 = 
⎡
⎢
⎣
1 + 

1

iω
 
⎛
⎜
⎝

kpJ0 (kp)
2J1 (kp)

 − 1
⎞
⎟
⎠
 χFoe Ψ0

⎤
⎥
⎦

−1

 ,   Ψ = Θ
~

Ψ0 , (11)

in the case of heat release on the boundary

Θ
~

 = 
kpJ0 (kp)
2J1 (kp)

 ,   Ψ = Θ
~

Ψ0 , (12)

where Ψ0 is the solution for a circular cylinder in the approximation of a homogeneous temperature of the particle:

Ψ0 = − 
2keH1

(1)
 (ke)

H0
(1)

 (ke)
 . (13)

A comparison was carried out between the analytical solutions calculated with the aid of Eqs. (11) and (12)
and the solutions in the HTP approximation obtained by numerical calculation of Eq. (10). The relative deviation was

determined from the formula δ = max
t−[−2;8]

 [(θ
__

p(t) − θ
__

p
∗ (t)) ⁄ θ

__
p
∗ (t)], where θ

__
p
∗  is one of the two analytical solutions. The

particle radius was taken as the characteristic dimension L. For a particle placed in water δ does not exceed 2% at

χFoe > 10−3 and for particles in air — at χFoe > 10−5.

Analysis and Results of Calculations of Dimensionless Temperature. It is clear that the function θ
__

p is lim-
ited. On the one hand, it cannot be smaller than zero, and, on the other hand, it cannot exceed unity, since the quan-
tity T∗ is the increment of the temperature of the thermally insulated particle. We will designate the temperature
maximum in time by θ

__
max. The maximum will tend to unity at small values of τ (τ << τe

 ⁄ χ, χFoe << 1), since in this
case the particle has no time to give up heat during the time of laser pulse action. This is seen in Fig. 1, where the
results of calculations for a cylindrical silver nanoparticle placed in water and air at different values of the parameter
χFoe are presented. The value χFoe = 10−3 does not satisfy the condition of applicability of the HTP approximation
(9), but vividly demonstrates the saturation of the maximum of the function θ

__
p.

In the reverse case, when the value of τ is large (χFoe >> 1), the environment effectively removes heat,
θ
__

max << 1, and the position of the maximum in time tends to maximum heat release (t = 0). To find the asymptotics
of the function θ

__
max at χFoe >> 1, we note that in time t > 1 ⁄ Foe  heat penetrates into the medium to a great distance

and a temperature distribution close to a cylindrically symmetric one is formed around the particle. Therefore the value
of θ

__
max at high values of Foe will weakly depend on the shape of a nanoparticle, and the asymptotics calculated for

Fig. 1. Function θ
__

p depending on time for a circular silver cylinder placed in
water (a) and air (b): curves 1–5 correspond to χFoe = 10−3, 10−2, 10−1, 1, 10.
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the circular cylinder will also be the asymptotics for particles of arbitrary shape but of the same cross-sectional area.
We will substitute into Eq. (8) the expansion of function (13) in small ke, assume that t = 0, and omit the terms pro-
portional to ke

2 and ke
2 ⁄ χ. Having calculated the integral, we obtain

θ
__

max = 
ln Foe

4√⎯⎯π  χFoe
 ,   Foe >> 1 ,   χFoe >> 1 . (14)

The asymptotics (14) describes the numerical results with an accuracy better than 10% at min [Foe, χFoe] > 100. The
checking was carried out for a silver elliptical nanoparticle, with the semiaxes ratio A ⁄ B from 1 to 9, placed in water
and air. When the shape of the particle is close to a cylindrical one, in the numerator of Eq. (14) one can preserve
the constant equal to 2(0.491 − c) + ln 2 (c is the Euler constant), which considerably improves the accuracy of the
asymptotics for such particles.

At long times the integrand in Eq. (8) oscillates rapidly and it is difficult to perform its numerical calculation.
We will find its asymptotics for a circular cylinder. As shown above, it will also be the asymptotics for particles of
arbitrary shape at t > 1 ⁄ Foe. The major portion of the integral in (8) at t >> 1 will be integrated at small values of ω.
Neglecting terms proportional to ke

2 and ke
2 ⁄ χ, we obtain

θ
__

p = 
1

4χFoet
 ,   t >> 

1
Foe

 ,   t >> 
1

χFoe
 . (15)

Fig. 3. Chart of the lines of the level of temperature maximum θ
__

max for a sil-
ver elliptical cylinder: 1, 2, 3) for the ratios of semiaxes A ⁄ B = 1, 3, 9. Fig-
ures at the curves give the value of dimensionless maximum temperature.

Fig. 2. Function θ
__

p at χFoe = 1 depending on time for an elliptic silver cylin-
der placed in water (a) and air (b): 1) asymptotics (15) for large times; 2, 3,
4) a particle with the ratio of semiaxes A ⁄ B = 1, 3, 9.
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The dependence of temperature on time for different elliptical silver cylinders is shown in Fig. 2. On the in-
sets the temperature is compared with asymptotics (15). Figure 3 presents the picture of the lines of the level of the
function θ

__
max depending on two dimensionless parameters of the problem Foe and χ. The picture allows the conclu-

sion that the particle can be considered thermally insulated in a wide range of the parameters χ − [10−4, 10] at
χ5Foe

3 < 10−14. Knowing the absorption cross section of the nanoparticle, its thermophysical properties, the properties
of the environment, as well as the parameters of the laser pulse, one can easily determine the temperature of the maxi-
mum heating of the nanoparticle with the aid of Fig. 3.

From the results of numerical calculation the following approximating formula was obtained for a circular cyl-
inder:

θ
__

max (Foe, χ) = 
1

1 + 4.47Foe
bχc

 ,   b = 0.67 + 0.04⋅log (Foe) − 0.0019⋅log (Foe)
2
 ,

(16)

c = 0.97 + 0.0072⋅log (Foe) ,

which describes the lines of the level of the surface shown in Fig. 3 with an error not higher than 10%.
Temperature of Heating of Metal Particles by Laser Radiation. To calculate the temperature of heating of

nanoparticles, it is necessary to know the laser radiation absorption section. The sections were obtained by solving the
total Maxwell equations by the method given in [2]. For nanoparticles larger than 10 nm the influence of the addi-
tional damping due to the scattering of electrons on the nanoparticle surface can be ignored [18]. Therefore in calcu-
lations the bulk dielectric permeability obtained for the nanoparticle substrate in optical experiments [19] is used. The
electromagnetic wave incident on the particle has the transverse electric (TE) polarization (when the electric field vec-
tor and the wave vector are perpendicular to the particle generatrices, i.e., they lie in the x–y plane). The transverse
magnetic (TM) polarization (when the magnetic field vector lies in the x–y plane) does not entail excitation of plas-
mon resonances and therefore is of no interest.

Figure 4 depicts the absorption cross sections (normalized to the characteristic dimension of the particle L) for
cylindrical silver and gold nanoparticles placed in water. The nanoparticle radius was used as the characteristic dimen-
sion. The sections of silver nanoparticles demonstrate a clearly seen resonance behavior. A maximum value of the nor-
malized absorption cross section is observed for fine particles. When they increase in size, the magnitude of the
resonance decreases and a small displacement to the longwave region occurs. In the case of gold nanoparticles, there
are no clearly visible plasmon resonances. The reason is that the imaginary part of the relative dielectric permeability

of gold in the range of wavelengths Λ − [300, 500] nm is not high (Im⏐εp⏐ � 6), and the resonance is strongly sup-

pressed.

Fig. 4. Dependence of σ on the wavelength Λ for a silver (a) and gold (b) cy-
lindrical nanoparticle placed in water: 1–5) particle radius L = 10, 20, 30, 50,
and 70 nm. Λ, nm.
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With air being the medium that surrounds a particle, the solution suggested is applicable only to particles with
L >> 60 nm. For relatively large (L > 50 nm) two-dimensional nanoparticles the resonance in the absorption cross-sec-
tion spectrum is weakly expressed and cannot lead to a substantial increase in the temperature of nanoparticle heating
as compared to nonresonant illumination. This is seen from Fig. 4. In air the absorption spectra behave similarly, but
the resonance is displaced to the shortwave region. Therefore the heating temperatures are calculated only for the
nanoparticles that were placed in water.

We will determine the temperature of the heating of nanoparticles on excitation of plasmon resonances in
them. At I0 = 1 MW ⁄ cm2 and τ = 10 nsec (W � 18 mJ ⁄ cm2) the characteristic temperature for silver and gold is
equal to T∗ � 2.24⋅104 ⁄ L, where L is in nanometers. The calculation of the value of θ

__
max for different radii L = 10,

20, 30, 50, and 70 nm yields T∗θmax � 46, 62, 69, 74, and 74 K, respectively. Having multiplied by the resonant
maxima of cross sections, we obtain maximum temperatures of heating: T

__
p � 370, 262, 257, 166, and 133 K for a sil-

ver nanoparticle and T
__

p � 49, 128, 185, 207, and 214 K for a gold nanoparticle.
For particles that do not have a cylindrical shape, the position and the magnitude of resonances depend sub-

stantially on both the shape of a nanoparticle and direction of illumination. Figure 5 demonstrates normalized absorp-
tion cross sections for an elliptical silver nanoparticle with different ratios of semiaxes (A ⁄ B = 3 and 9) and with the
characteristic dimension L = √⎯⎯⎯AB  = 30 nm. The particle was illuminated at angles ϕ = 0o, 45o, and 90o to the large
semiaxis of the elliptical cylinder. The absorption cross sections calculated at a fixed wavelength may differ substan-
tially for different illumination angles. For example, for the resonance at the wavelength Λ = 516 nm (Fig. 5b) the
section corresponding to the illumination angle ϕ = 45o exceeds by more than 320 times the absorption cross section
at ϕ = 0o. As follows from Eq. (8), the temperature of heating for these two angles will differ by the same number
of times.

Conclusions. The problem of heating of a single metal nanoparticle by laser radiation has been solved in the
approximation of the temperature which is homogeneous over the nanoparticle volume. It is shown that this approxi-
mation ensures a sufficient accuracy in a wide range of dimensionless parameters of the problem. To solve the prob-
lem, the method of boundary integral equations has been used, which is substantially advantageous over the grid
methods: Only the values of the quantities at the body boundary are calculated, i.e., the two-dimensional problem has
been reduced to a one-dimensional one, and the temperature field around the particle can be calculated from the
boundary values. Therefore the method allows one to easily calculate the heating temperature of nanoparticles at long
times and laser radiation pulse durations. The use of grid methods at such parameters would have led to the necessity
of constructing a grid in a large volume of the medium surrounding the particle.

For the dimensionless temperature of the heating of a particle (θ
__

p) an asymptote has been obtained at long
times and for the maximum of this temperature in time (θ

__
max) — the asymptote at long laser radiation pulses. For a

circular cylinder, an approximation formula has been obtained; it describes the function θ
__

max at  χ − [10−4, 10],
Foe − [10−3, 106] with an error not exceeding 10%. It is shown that at values χ5Foe

3 < 10−14 metal particles can be
considered practically thermally insulated (θ

__
max � 1) within the range χ − [10−4, 10].

Fig. 5. Dependence of σ on the wavelength Λ for a silver elliptical nanoparti-
cle placed in water: a) ratio of semiaxes A ⁄ B = 3; b) 9; L = √⎯⎯⎯⎯A ⁄ B  = 30 nm;
1, 2, 3) ϕ = 0o, 45o, and 90o. Λ, nm.
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The temperatures of heating of cylindrical silver and gold particles placed in water on excitation of plasmon
resonances in them have been calculated. For laser radiation with I0 = 1 MW ⁄ cm2 and τ = 10 nsec (W � 18
mJ ⁄ cm2) the heating temperatures of silver and gold nanoparticles measuring 10–70 nm lie in the range 50–370 K.
The heating temperatures are proportional to the integral density of laser radiation energy W = √⎯⎯π I0τ and with a
change in these parameters (W or I0, or τ) the calculated temperatures of heating change proportionally. Consequently,
the heating of nanoparticles is appreciable, and for a complete understanding of the processes occurring in the course
of laser irradiation of particles it should be taken into account. For example, almost all calculated heating temperatures
exceed the boiling point of water.

It is shown that for nanoparticles with an elliptic cross section the heating temperatures at different angles of
illumination may differ by several hundreds of times.

It should be noted that the problem has been solved in dimensionless form, and consequently, the solution can
be applied not only to nanoparticles but also to problems of heating of two-dimensionless bodies of arbitrary size pro-
vided that condition (9) that expresses the constancy of temperature over the body volume holds.

NOTATION

A, B, large and small semiaxes of an elliptical cylinder, m; a, thermal diffusivity, a = λ ⁄ C, m2 ⁄ sec; C, volu-
metric heat capacity at constant pressure, J ⁄ (K⋅m3); Fo, Fourier number, Fo = aτ ⁄ L2; Hn

(1), Hankel function of the first
kind and nth order; I, laser radiation power density, W ⁄ m2; I0, maximum of laser radiation power density, W ⁄ m2; i,
imaginary unit; Jn, Bessel function of nth order; k, wave vector of the problem in Fourier presentation, k = √⎯⎯⎯⎯⎯⎯iω ⁄ Fo ;
l, free path, m; L, characteristic dimension of a particle, for elliptical particles L = √⎯⎯⎯AB , m; n, outer normal to the
particle boundary; Q, density of volumetric sources of heat release, W ⁄ m3; S, time-averaged Poynting vector; q, di-
mensionless density of volumetric sources of heat release; T, temperature, K; T0, initial temperature of a particle and
of the environment, K; T∗, characteristic temperature of the problem, T∗ = W ⁄ (LVCp), K; t, dimensionless time; V, di-
mensionless cross-sectional area of the particle; W, density of the energy obtained by the particle in the course of ac-
tion of a laser pulse, J ⁄ m2; x, y, dimensionless Cartesian coordinates; Γ, particle boundary; ε, permittivity; Θ,
boundary values of relative temperature, Θ

~
 = ψ⏐Γ; Λ, laser radiation wavelength, m; λ, thermal conductivity,

W ⁄ (K⋅m); σ, dimensionless cross section of absorption of laser radiation by a particle; σ′, absorption cross section of
a nanoparticle; τ, characteristic time of a laser pulse, sec; τe, τp, characteristic time of outer and inner problems, τe,p
= L2 ⁄ ae,p, sec; ϕ, angle between the large semiaxis of an elliptical particle and direction of illumination; χ, ratio of
volumetric heat capacities of environment and particle; Ψ, total relative heat flux through the particle boundary; ψ,
relative temperature of heating of the environment; ω, frequency, Fourier-image variable. Subscripts and superscripts:
e, environment; p, particle; max, maximum value in time; ~  , Fourier representation; overbar, volume averaging; ′, not
dimensionalized space and time quantities except for L, τ, τe, τp.
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